Available online at www.sciencedirect.com
. : JOURNAL OF
*»” ScienceDirect GEOMETRY o
PHYSICS

ELSEVIER Journal of Geometry and Physics 57 (2007) 1499-1503

www.elsevier.com/locate/jgp

Volume expansion rate of the Lorentzian manifold based on integral
Ricci curvature over a timelike geodesic

Seong-Hun Paeng

Department of Mathematics, Konkuk University, I Hwayang-dong, Gwangjin-gu, Seoul 143-701, Republic of Korea

Received 27 September 2006; accepted 19 December 2006
Available online 23 December 2006

Abstract

Recent astronomical observations show that the universe is not only expanding but also undergoing accelerated expansion
[A.G. Riess, et al., The farthest known supernova, Astrophys. J. 560 (2001) 49-71; P.K. Townsend, M.N.R. Wohlfarth, Accelerating
cosmologies from compactification, Phys. Rev. Lett. 91 (2003) 061302]. Then the timelike convergence condition does not hold
every time, i.e. the Ricci curvature Ric(v, v) cannot be nonnegative for every timelike vector v. We obtain the volume expansion
rate of the universe based on the integral norm of negative part of the Ricci curvature along a timelike geodesic.
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1. Introduction

Let M be an n-dimensional Lorentzian manifold. In classical general relativity, it is assumed that the Ricci curvature
satisfies that

Ric(v,v) >0

for any timelike unit vector v, which is the timelike convergence condition, which says that gravity attracts on
average [4]. Then the timelike convergence condition implies that there can be no acceleration in the expansion
of the universe, i.e. if V (¢) is the volume of a small ball of test particles that start out at rest relative to each other, then
limy_o V") < 0[1].

But recent astronomical observations appear to show that the universe is not only expanding but also undergoing
accelerated expansion [7,8]. So it is necessary to modify the timelike convergence condition Ric(v, v) > 0. Moreover,
we cannot assume that Ric(v, v) for any timelike unit vector v has a lower bound since M is not compact.
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We will obtain the volume expansion rate with the average of the negative part of the Ricci curvature. Let an
observer move along a timelike geodesic I". Let

p (1) = max{0, —Ric(I" (1), I" (1))},

which is the negative part of the Ricci curvature along I'. For a positive real number p, let

1 R
kr(p, R = & /0 p(1)Pd.

Then k is an average of the negative part of the Ricci curvature along I'. If Ric(v, v) > 0 for any timelike vector v,
then kp(p, R) = 0 forany R and I

Let I'(0) = xo and H be the spacelike hyperspace H perpendicular to I(0) around xo € H at time z. Let B(xg, a)
be the small ball in H around xq which is diffeomorphic to R”~!. Let particles at x in B(xo, a) start out at rest relative
to each other and the timelike geodesic passing through x be I'y with I'y(0) = x. Then we consider the coordinate
map ¢ : B(xg,a) x R — M such that ¢(x,t) = I'y(¢). Around xo € M and a spacelike hyperspace H which is
perpendicular to I(0), we write the volume element as dvol = wdt A df,,_;, where df,_; is the volume element
on H. Then w(xg, t)df,_; is the volume form of the spacelike hyperspace ¢ (B(xo, a), t) perpendicular to I”(¢) at
¢ (xg, t). Let V be the infinitesimal volume expansion rate at t = 0, i.e. % l;=0 @ = Vw(0). Our main theorem is as
follows.

Theorem 1. Let M be an n-dimensional Lorentzian manifold. Then

w(xp,0) ~— \n—1
If limg_okr(p, R) = K, then

I , R €
lim %5«/;1—11(”.

R—o00

n—1 1
oo, B) _ < VR +1> exp(RVn — Tkp(p, R)).

In particular, if limg_,o kp(p, R) = 0, asymptotically the universe does not expand exponentially rapidly, i.e. for any
€ >0,

w(xo, R)

lim R

R— o0

0.

We do not need to assume 2p > n, unlike [6].

In Riemannian geometry, for an n-dimensional compact Riemannian manifold M, we define the volume entropy
h(M) of M as follows:
1 1(B(x, R
BOM) — Tim 192OOIBG RD).
R—00 R

where B(x, R) is the R-ball centered at x in the universal covering space M [5]. An upper bound of the volume
entropy for negatively curved manifolds is obtained only with integrals of Ricci curvature over closed geodesics in
M [5].

Note that in the Robertson—Walker model, k- (p, R) depends only on time, so we obtain an upper bound of the
total volume expansion rate with k- (p, R) for only one timelike geodesic I" from the above theorem.

2. Proof of main theorem

Let c(s) be a curve from xg to x € B(xg,a) in H. Let J(t) = % ls=0{ ¢(s)(¢); then J(¢) is a Jacobi field along the
timelike geodesic I'(¢). Let us write J' = AJ for a linear transformation A depending on 7. Then the Riccati equation
is

A+A>+R=0
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for the curvature operator R [2,3]. Hence we obtain that

tr A +tr A2 + Ric(I”, I'") = 0. 2.1)
We write
, d
o =—w=ho. 2.2)
dr
Then h = tr A, so & satisfies that
/’12
n o+ 1 < —Ric(I”, I, (2.3)
n—

from (2.1) [6].
If Ric(I”, I'") > O for any ¢ > 0, then

2
h o+

<0, 2.4)

n—1

which implies that

N _ w1
h) R T an-1

If o' (0) = Vw(0), then 7(0) = V and so

h(t) < R
v
We denote ”;,]1 by ho(t) and
I+T
0
hy + —— =0. 2.5
ot T (2.5)

Let ¢ (r) = max{0, h(t) — ho(¢)}. Since % = h, integrating this equation, we obtain that

R R R R
log (M> =/ hdzs/ hodt—l—/ wdr. (2.6)
w(x9, 0) 0 0 0
Then we have

R R
w(xo, R) < eo Vdiely hodi (0 0. 2.7)

Integrating A, we obtain that

R VR
hodt = (n — Dlog [ —— + 1
0 I’l—l

n—1
el hodr (ﬂ + 1) | 2.8)

n—

SO

Now it remains to calculate efOR v,
We will prove the following lemma similarly to Lemma 2.2 in [6]:

Lemma 1. For any p > 0, we have

r r
/I/le’dtf(n—l)”/ pPdr.
0 0
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Proof. From (2.3) and (2.5), we have

2
LA L Y 2.9)

n—1 n—17"

v+

as we see in [6]. Multiply by ¥27~2 and integrate to get
r 1 r 2 r r
f VPP 2dr + —f Ww2Pdr + —/ hoy?P~ldr < [ py2P2ds. (2.10)
0 n—1 0 n—1 0 0

Since (y?*~1) = 2p — DYy 72,

r 1 r
/ Yy de= mwzp‘l > 0. @.11)
0 - 0
Inserting this in (2.11), we obtain that
1 r 2 r r
p— /0 v+ m/o hoy e < /0 Py, @.12)

which implies that

1 r r
/ Vs < / Py P2ds
n—l 0 0

r 1 r 1-1
< ( | ,Opdt)P(/ 1//2”dt> " 2.13)
0 0

1
Dividing by (fy ¥2" dr)' 77, then we obtain that

! (/ Wf’dz)" < </rp”dt>p. (2.14)
n—1 0 0

Consequently, we have

/Or Y2Pdr < (n — 1P /O pPdt, (2.15)

which completes the proof of Lemma 1. [

In the proof of Lemma 2.2 in [6], it is an essential condition that p > n/2, but our lemma holds for any positive p.
By the Holder inequality, we have

1
1 (R 1 R o
< wdzs—</ Wdr) Ri
R Jo R \Jo
1 k i
—((n—l)p/ ppdt> R
R 0

1 (R %
\/n—1<E/ ,opdt) (2.16)
0

for 1/2p 4+ 1/q = 1. We have

1 R 1 R zip
—/ Ydr < v/n—1 (—/ det)
R Jo R Jo

1
<+<vn—1(r(p,R)>. (2.17)
Inserting (2.8) and (2.17) to (2.7), we obtain Theorem 1. [
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